Based on divisibility properties of the Fibonacci and Lucas numbers we establish necessary and sufficient conditions for both semigroups to be symmetric and calculate their Hilbert generating series, Frobenius numbers, and genera.
Introduction
Recently, the numerical semigroups S.F i ; F iC2 ; F iCk /, i; k 3, generated by three Fibonacci numbers F j were discussed in [8] . It turns out that the remarkable properties of F j in these triples suffice to calculate the Frobenius number F .S/ and genus G.S/ of the semigroup. In this article we show that properties of the Fibonacci and Lucas numbers is sufficient not only to calculate the specific parameters of semigroups, but also to describe completely the structure of the symmetric numerical semigroups S.F a ; F b ; F c /, a; b; c > 2, and S.L k ; L m ; L n /, k; m; n > 1, generated by distinct Fibonacci 1 and Lucas numbers, respectively. Based on divisibility properties of these numbers we establish necessary and sufficient conditions for both semigroups to be symmetric and calculate their Hilbert generating series, Frobenius numbers, and genera.
Basic Properties of Numerical Semigroups Generated by Three Elements
We recall basic definitions and known facts about numerical semigroups generated by three integers. Let S. 
For short we denote the vector .
. Following Johnson [6] , we define the minimal relation R 3 for given d 3 as follows: 
where
The uniquely defined values of v ij ; i ¤ j , that give a i i will be denoted by a ij ; i ¤ j . Note that due to the minimality of the set ¹d 1 ; d 2 ; d 3 º, the elements a ij ; i; j 3 satisfy 
The smallest integer C.d 3 / such that all integers s, s C.
The number 
where Q.d 3 I z/ is a polynomial in z. 
Notice that S.d 2 / is always a symmetric semigroup [1] . The number of independent entries a ij in (2) (2) , the following equalities and consequently the matrix representation as well [4] (see also [3] , Section 6.2):
where (the subscript) "s" stands for symmetric semigroup. Combining (8) with the formula for the Frobenius number of a symmetric semigroup (see [4] )
is a complete intersection [4] and the numerator Q.d 3 I z/ in the Hilbert series (5) reads (see [12] )
Structure of Generating Triples of Symmetric Numerical Semigroups
The following two statements, Theorem 1 and Corollary 3, give necessary and sufficient conditions for S.d 3 / to be symmetric. 
where k ¤ i; j .
It turns out that (11) We finish this section with an important proposition adapted to the numerical semigroups generated by three elements.
Theorem 4 ([5, Proposition 1.14]). The numerical semigroup
S.3; d 2 ; d 3 / with gcd.3; d 2 ; d 3 / D 1, 3 − d 2 and d 3 6 2 S.3; d 2 /, is never symmetric.
Divisibility of Fibonacci and Lucas Numbers
We recall remarkable divisibility properties of Fibonacci and Lucas numbers which are necessary for further consideration. Theorem 5 dates back to E. Lucas [ 
As for Theorem 6, its weak version was given by Carmichael [2] 2 . We present here its modern form proved by Ribenboim [11] and McDaniel [9] . 
2 Carmichael [2] (Theorem 7, p. 40) proved only the most difficult part of Theorem 6, namely, the first equality in (13) .
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We also recall another basic divisibility property of Lucas numbers:
We will need a technical corollary, which follows from Theorem 6. 
Symmetric Numerical Semigroups Generated by Fibonacci Triples
In this section we consider symmetric numerical semigroups generated by three dis- 
By consequence of Theorem 5 and the definition of Fibonacci numbers we get
The last containment in (17) gives
which finishes the proof. 
The next corollary gives only the sufficient condition for S.F a ; F b ; F c / to be symmetric and is weaker than Theorem 8. However, instead of containment (16) it gives an inequality which is easy to check. 
The Hilbert series and Frobenius number are given by (19).
Proof. The first two relations in (20) are taken from Theorem 8 and were proven in (18). We also must use (16). For this purpose, take F c exceeding the Frobenius number of the semigroup generated by the two numbers F a =F and F b =F . This number F .F a =F ; F b =F / is classically known (due to Sylvester [13] ). So, we get
where the Hilbert series H.F a ; F b ; F c / and Frobenius number F .F a ; F b ; F c / are given by (19). Thus, the corollary is proven.
We finish this section with Example 11 where a Fibonacci triple does satisfy the containment in (16) but does not satisfy inequality in (20). We calculate the elements of the numerical semigroup, its Hilbert generating series, the Frobenius number and genus.
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Symmetric Numerical Semigroups Generated by Lucas Triples
In this section we consider symmetric numerical semigroups generated by three distinct Lucas numbers L k , L m , and L n , k; m; n > 1, irrespective of their natural ordering as integers. Note that the case k D 2 is trivial by Theorem 4 since 
Then a numerical semigroup generated by these numbers is symmetric if and only if
and one of three following relations: 
Represent n and m as in (21) 
Now, assume that the second requirement in (25) holds that results by Theorem 6 in D 2. Making use of the second requirement in (24) and applying (14) we get, a ¤ b ; 3 j gcd.m; n/ ; 3 − k :
Combining (26), (27), and (28) we arrive at (23). The last requirement in (24), together with Theorem 6, gives
that proves (22) and finishes the proof of this theorem.
As a consequence of Theorem 12, the following corollary holds for the most simple 
Then a numerical semigroup generated by these numbers is symmetric if and only if
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We give, without derivation, the Hilbert series and the Frobenius number for the symmetric semigroup S.L k 0 ; L m 0 ; L n 0 / under the assumption that (29) and (30) hold:
In general, containment (30) is hard to verify because it presumes an algorithmic procedure. Instead, one can formulate a simple inequality that provides only the sufficient condition for the semigroup S.L k 0 ; L m 0 ; L n 0 / to be symmetric. 
Then a numerical semigroup S.L k 0 ; L m 0 ; L n 0 / is symmetric and its Hilbert series and Frobenius number are given by (31).
The proof of Corollary 14 is completely similar to the proof of Corollary 10 for symmetric semigroup generated by three Fibonacci numbers.
We finish this section with Example 15, where a Lucas triple does satisfy the containment in (30) but does not satisfy inequality (32). We calculate the Hilbert generating series of the numerical semigroup, the Frobenius number, and genus. 
